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I.

INTRODUCTION

In this supplementary information we give a full theoretical background of the gating
of ionization and recombination times presented in the paper, and describe in detail our
analysis methods. In section II we describe the experimental methods. In section III we
present the semi-classical equations describing the displacement and velocity gates, and
show how we use them for retrieving the ionization and recollision times for each harmonic
order. Section IV describes how we extract the relevant parameters for the displacement
and velocity gates out of the experimental two-color delay scan. In section V we discuss the
case of two-channel ionization, and its effect on the gated signal. Next, we give an extended
theoretical overview of various aspects of our work. In section VI we derive a full quantum
description of the displacement gate. We consider the effect of the weak second harmonic
field on the initial velocity and displacement, as well as the effect of the core potential on
the perturbation. We show that these effects give minor corrections to the semi-classical
gate. In section VII we discuss the role of the measurement in strong field dynamics, and
the comparison between HHG and other strong field processes. Finally, in section VIII we
discuss the implication of our measurement on possible definitions of the ionization time.
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II.

EXPERIMENTAL METHODS

High harmonics are generated with 30 fs, 1 kHz, 800 nm laser pulses focused into a 100
Hz pulsed gas jet. The pulse intensity is estimated according to the cutoff harmonic as
3.8 × 1014 W/cm2 in the helium experiment (Fig. 3a,b) and 1.3 × 1014 W/cm2 in the CO2
experiment. The second harmonic (SH) field, on a 1(2) percent intensity level in the helium
(CO2 ) experiment, is produced using a 100 µm type-I BBO (BaB2 O4 ) crystal. The SH field
is orthogonally polarized with respect to the fundamental field. Group-velocity dispersion
is compensated using a birefringent crystal (calcite). The sub-cycle delay φ of the SH field
relative to the fundamental field is controlled by rotating 1 (0.5) mm of fused silica in the
helium (CO2 ) experiment. High harmonics are generated by focusing the two color beam
into a pulsed gas jet (backing pressure 3 atm) using a curved mirror (f = 75 cm). The
harmonic spectrum is measured by an XUV spectrometer. For the molecular alignment, the
laser pulse is split into pump (alignment) and probe (generating) pulses, which are focused
non-collinearly in the gas jet, see Fig. 1 (SI). The generating arm includes the two-color
setup described above. A motorized stage in the pump arm controls the delay between the
alignment pulse (I ∼ 3.5 × 1013 W/cm2 ) and the two-color pulse. The polarization of the
alignment pulse is set by using a zero order half wave plate. An additional 0.5 mm of fused
silica is placed in the alignment arm and rotated by the same angle as in the generating arm
in order to keep the delay between the pump and probe pulses constant.

III.

TEMPORAL CHARACTERIZATION USING TWO-COLOR GATES

We generate two independent sub-cycle gates by adding a weak cross-polarized second
harmonic (SH) field to the fundamental field. The perturbative nature of the second field is
essential, greatly simplifying further analysis.
First, it ensures that the times of ionization and recombination ti and tr are dictated by
the longitudinal dynamics in the strong fundamental field and in the field of the ionic core,
but remain unaffected by the weak SH field. Second, the effect of the Coulomb potential of
the ion on the motion induced by the perturbing field is negligible. Analysis in Sec. VI shows
that, due to the large value of the amplitude of electron oscillations in the strong fundamental
field, the effect of the ionic potential is almost decoupled from the lateral motion induced
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FIG. 1: Schematic description of the experimental setup.

by the perturbative field, with the relevant small parameter less than Ip /(16Up )  1.
With these two aspects in mind, consider first the semi-classical analysis of the effect of
the second field, with the fully quantum treatment deferred to Sec. VI. The key assumption
of the semi-classical analysis is to neglect the effect of the weak SH field during electron
tunneling, and to include only the lateral motion induced after ionization. The validity
of this assumption is checked in Sec. VI which contains the full quantum treatment, but
the comparison of the two approaches is shown already in this section, justifying the semiclassical treatment.

A.

The displacement gate.

Neglecting the effect of the weak field on tunneling, the condition for zero lateral displacement of the electron between ionization and recombination reads
 tr
ti

(v0y − A2ω (ti ) + A2ω (t ))dt = 0.

(1)

Here v0y is the lateral electron velocity at the moment of ionization ti , A2ω (t) is the vectorpotential for the SH field polarized along the y-axis, Fy = F2ω cos(2ωt + φ). The field
amplitude is F2ω = F0 with   1, and φ controls the two-color delay. Solving the above
4 | W W W. N A T U R E . C O M / N A T U R E
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FIG. 2: Comparison of the displacement gate [Gy (φ)]2 calculated using:. A. Full quantum analysis.
B. Semi-classical calculation.

equation, we find the initial electron velocity v0y at time ti required for recombination at tr .
This velocity compensates for the lateral displacement induced by the SH field:




F0
cos(2ωtr + φ) − cos(2ωti + φ)
sin(2ωti + φ) +
.
v0y (tr , ti , φ) = −
2ω
2ω(tr − ti )

(2)

As confirmed by previous measurements, which studied the effect of the fundamental field’s
ellipticity of the harmonics emission [1], the dependence of the tunnelling amplitude on the
2
τT /2), where τT is the so-called tunnelling time –
initial lateral velocity v0y is [2] exp(−v0y

the imaginary part of t0 = ti + iτT . Thus, the expression for the displacement gate is
1 2

Gy (tr , ti , φ) = e− 2 v0y (tr ,ti ,φ)τT .

(3)

Note, that τT determines the contrast of the gate’s modulation. However, our reconstruction
procedure relies solely on the phase of the oscillations, and therefore is independent of the
value of τT . Figures 2a, b in the article illustrate the gate which suppresses the harmonic
yield according to the electron dynamics along the lateral direction – dictated by both tr
and ti .
Figure 2 (SI) compares the semi-classical displacement gate (B) given by Eq.(3) with the
results of the fully quantum analysis (A), described in Sec. VI. The gates are shown for
the conditions of our experiment in helium. The figure demonstrates excellent agreement
between the optimal two-color delay derived from the simple semi-classical analysis and the
full quantum treatment.

6
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B.

The velocity gate.

The second gate is induced by the lateral velocity of the free electron at the moment of
recombination tr , vy . It is related to v0y as vy = v0y − A2ω (ti ) + A2ω (tr ). Substituting the
optimal velocity given by Eq.(2) for v0y yields the associated velocity vy at the moment of
recombination, which defines the velocity gate:




vy (tr , ti , φ)
cos(2ωtr + φ) − cos(2ωti + φ)
F0 /2ω
sin(2ωtr + φ) +
,(4)
=
Gv (tr , ti , φ) =
vx (tr , ti , φ)
2ω(tr − ti )
2(N ω − Ip )
where the energy of the longitudinal motion E(tr ) is given by the emitted harmonic photon
energy N ω, E(tr ) = N ω − Ip .
Whereas the displacement gate is mapped onto the HHG intensity, the lateral recombination velocity – the velocity gate – dictates the vectorial properties of the emitted light
and is mapped into the HHG polarization state (Fig. 2c and d in the article).
The two gates induced by the two-color configuration satisfy three key requirements
for optimal sub-cycle gates. First, they are perturbative, probing the interaction without
modifying its basic properties. We verified this by comparing the experimental results for
two different intensities of the SH, taken at 1% and 2% intensity level of the fundamental
field. The dependence of the harmonic intensity on the two-color delay was found to be the
same for both intensities. Thus, for our experimental conditions, the SH field does not affect
the reconstruction of the ionization and recombination times (see Sec. VI).
Second, for most trajectories the displacement gate Gy changes rapidly with the ionization
time, whereas the velocity gate Gv changes rapidly with the recollision time. Indeed, for
sufficiently long travel times (tr − ti ) , the first term in square brackets in Eq.(2) and in
Eq.(4), dominates. In this limit, the displacement gate depends mostly on ti , and the velocity
gate depends mostly on tr . For very low harmonics each gate is sensitive to both ti and tr ;
this dependence is of course taken into account in our calculation.
Third, the two gates are symmetric under translations in ti (for Gy ) or tr (for Gv ) and we
can easily shift the gates within the optical cycle by controlling the relative phase φ between
the two colors.
In summary, our two color configuration inherently induces two independent gates which
depend on the lateral displacement and lateral velocity. Experimentally, we can decouple
their contribution. The displacement gate Gy is measured for each harmonic number by
6 | W W W. N A T U R E . C O M / N A T U R E
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measuring the signal intensity whereas the velocity gate Gv is measured by resolving the
harmonics polarization state. Both observables - intensity and polarization - are modified
with φ. They impose a set of two equations for every harmonic order. Solving these equations
we can extract both the ionization time ti and the recombination time tr for each harmonic
order.

C.

Reconstruction of ti and tr .

We analyzed the attenuation profile of each harmonic order as a function of the phase
between the fields φ, related to the displacement gate Gy and the polarization angle as a
function of φ, related to the velocity gate Gv (see details in Sec. IV). For each case we used
a fitting procedure to find φymax (N ), the phase for which the harmonic signal is maximal and
φvmax (N ), the phase that maximizes the harmonic polarization angle. For each harmonic
order, φymax and φvmax enforce the gating equations:
∂Gv (tr , ti , φ)
|φvmax = 0,
∂φ

∂Gy (tr , ti , φ)
|φymax = 0,
∂φ

(5)

these are two equations with two unknown variables: ti and tr . The reconstructed ionization
and recombination times which solve these equations are shown in Fig. 3c in the article.
An important parameter which is not directly measured in our experiment is the absolute
phase between the two fields (φ). A shift in this phase would cause an absolute shift of the
total reconstructed curve of ti (N ) and tr (N ), but without changing the time delay between
ionization and recollision, or between different harmonics. In order to fix this phase we rely
on the recombination times measurement. We fit the absolute phase such that the deviation:
theory
theory
(N )| , averaged over N, is minimized (trec
:
|trec
r (N ) − tr
r : reconstructed times, tr

stationary solution times). Such fitting optimizes the absolute position of trec
r , whereas the
slope is directly determined by our experimental measurement. The shaded area represents

the experimental uncertainty which originates from the uncertainty in the determination of
the cutoff. This shifts the absolute phase between the fields such that an error of ±4.5 eV
in the cutoff creates a shift of ±25 asec in the reconstructed times.

8
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IV.

HHG INDUCED BY A TWO-COLOR FIELD IN THE MULTI-CYCLE

REGIME

In the previous section we analyzed the gating mechanism induced by a single half cycle of
the fundamental field. Our experiment is performed in the multicycle regime, therefore the
interference between attosecond pulses generated by adjacent half cycles has to be analyzed.
The following analysis relies on the study of HHG with a two-color field applied to probe
the structure of atomic wavefunctions [3]. When HHG is induced by a two-color field, both
odd and even harmonics are generated. The orthogonal configuration controls both the
displacement of the electron from the parent ion and the recollision angle, as described in
the previous section. In this section we will show how the multicycle configuration allows
us to extract these two characteristics.
The motion of the free electron along the fundamental field’s polarization is inverted
between consecutive half-cycles of the field, whereas the motion along the second harmonic
(SH) field’s polarization axis does not change. This difference breaks the symmetry of the
process and gives rise to even harmonic orders polarized along the SH polarization axis (ey )
whereas odd harmonics are polarized along the fundamental polarization (ex ). A detailed
analysis of the free electron’s dynamics is provided in [4].
Next, we consider the recollision stage of HHG. When the free electron recollides with the
ion it is spread in space and appears as a wave traversing the ion at a certain angle dictated
by the electron’s trajectory. During recollision a dipole moment is induced, leading to the
emission of optical radiation. When the bound state is spherically symmetric (as in helium),
the dipole oscillates along the recollision axis, leading to the emission of harmonics polarized
along this angle. The odd and even harmonic spectra are projections of the total spectrum
on the polarization axes of the fundamental and SH field, respectively. Their intensities are
described as:
Iodd (N ω) = I(N ω) cos2 (θ),

Ieven (N ω) = I(N ω) sin2 (θ),

(6)

where N represents the harmonic order and θ is the angle between the recollision axis
and the x axis. As described in Sec. III two main parameters are manipulated in our
experiment: the lateral displacement and the lateral velocity. The lateral displacement
dictates the total signal intensity I(N ω) ∝ G2y whereas the lateral velocity dictates the
8 | W W W. N A T U R E . C O M / N A T U R E
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recollision angle according to: tan θ = vy /vx , where vy and vx are the lateral and longitudinal
velocities, respectively. In the perturbative regime vx is not modified, therefore θ reflects
the modification of vy .
If we assume that the dipole moment is smooth as a function of energy, we can decouple
the two gates. The sum of consecutive harmonics will cancel the dependence on the recollision angle and will enable us to extract I(N ω) and therefore the displacement gate Gy .
The ratio of consecutive harmonics is Ieven (N ω)/Iodd (N ω)  tan2 (θ) = G2v . This calculation
normalizes the dependence on the signal intensity and directly extracts the recollision angle
θ and the velocity gate Gv .

V.

TWO-COLOR GATING OF TWO IONIZATION CHANNELS

For two ionization channels contributing to the harmonic emission, the total signal is the
coherent sum of the two channel contributions. In the absence of the weak second-color
field,
SN =

(1)
SN

+

(2)
SN



(1)

(2)

+ 2 SN SN cos ∆ϕN .

(7)

(i)

Here SN is the harmonic intensity for channel i and ∆ϕN is the relative phase between the
two channels, which varies with the harmonic order N . When the weak gating field F2ω is
added, the signal becomes

(i)


(1) (1)
(2) (2)
(1) (2) (1) (2)
2
2

SN (φ) = SN GN (φ) + SN GN (φ) + 2 SN SN GN GN cos ∆ϕN ,

(8)

with GN (φ) the two-color (displacement) gates for the harmonic amplitudes and φ the twocolor delay. In principle, the two gates are complex-valued. Small differences between the
two channels imply that the relative phase ϕN can be modified by the difference between the
phases of the two gates. However, for a weak field F2ω this difference and the corresponding
change of ϕN is negligible. Thus, the assumption of purely amplitude modulation is justified
by the perturbative nature of the gate.
For channels with close Ip ’s, there are only small differences in the ionization and re(i)

combination times and hence the corresponding gates GN (φ) are very close. Thus, we can
introduce the average gate GN (φ) and the difference ∆GN (φ):
(1)

(2)

∆GN = GN − GN
10
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(1)

(2)

G + GN
GN = N
2
1
(1)
GN = GN + ∆GN
2
1
(2)
GN = GN − ∆GN
2

(9)

Substituting these expressions into Eq.(8) and dropping the terms quadratic in ∆GN , we
obtain


(1)

(2)



∆GN (φ) SN − SN 
SN (φ) = G2N (φ)SN 1 +
.
×
GN (φ)
SN

(10)

Analyzing this expression, one can see that for constructive interference, where SN =



(1)
SN

+



(2)
SN

2

, the second term is negligible relative to the first. Therefore, the av(1)

(2)

erage gate, which is very similar to GN and GN , is measured. However, for destructive

interference SN =



(1)

SN −



(2)

SN

2

and the second term becomes large. In this case the

quadratic terms in ∆GN cannot be neglected since the leading terms become small due to
the destructive interference. The full expression is almost similar:




(1)



(2)

2

S + SN 
1 ∆GN (φ)

SN (φ) = G2N (φ)SN 1 +
,
× N
(1)
(2)
2 GN (φ)
S N − SN

(11)

and clearly shows that the destructive interference between the two ionization channels
leads to a major contribution of the differential gate ∆GN . Next, we derive an expression
for ∆GN (φ) and explain why the contribution of the differential gate leads to a phase jump.
(i)

For the weak SH field the displacement gates GN (φ) have the following form:
(i)

(i)

(i)

(i)

GN (φ) = aN + bN cos[2(φ − φN )].

(12)

Here aN  1 − bN determines the average signal level, bN  1 is the modulation depth, and
φN is the optimal two-color delay. Equation (12) does not contain any higher harmonics of
the two-color delay φ, which is appropriate for the perturbative regime. The gate described
in Eq.(12) reflects a π-periodicity of the modulation as a function of the two-color delay
φ, confirmed by our experiments. This periodicity follows from the π- periodicity of the
harmonic generation response to the total field Fω cos(ωt) + F2ω cos(2ωt + φ) if the medium
is mirror-symmetric with respect to the polarization of the fundamental field. This is the
case for both atoms and aligned but not oriented molecules.
1 0 | W W W. N A T U R E . C O M / N A T U R E
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We denote:
1
1
(1)
(2)
aN = aN + ∆aN , aN = aN − ∆aN
2
2
1
1
(1)
(2)
bN = bN − ∆bN , bN = bN + ∆bN
2
2
1
1
(1)
(2)
φN = φN + ∆φN , φN = φN − ∆φN
2
2
(13)
Substituting these notations in Eq.(12) and neglecting all terms quadratic in the small
difference ∆φ between the two gates, for the differential gate we find
∆GN = ∆aN − ∆bN cos[2(φ − φN )] + 2bN ∆φN sin[2(φ − φN )].

(14)

Introducing the angle θN
tan θN =

2bN ∆φN
,
∆bN

(15)

we re-write the differential gate as
∆GN (φ) = ∆aN + ∆bN








2bN ∆φN
1+
∆bN

2

 

π θN
cos 2 φ − φN + +
2
2



.

(16)

This expression allows one to easily characterize the phase-shifts in the gated harmonic
signal as a function of the two-color delay φ.
Let us now analyze the experimental results presented in Fig.4 in the article, according
to the above expressions. In CO2 molecules both the HOMO and HOMO-2 orbitals contribute to the signal. In the low harmonic orders the signal from the HOMO dominates,
and therefore phase of the maximal signal is the same for 90 and 0 degrees of alignment
(contributions only from HOMO, or from both HOMO and HOMO-2 respectively). Consider now the vicinity of the destructive interference between the two channels, where both
orbitals give comparable contributions. The two-color gates for these orbitals are very close,
in agreement with our assumptions above for small ∆G.
According to Eqs. (11, 16), as long as ∆S ≡



(1)

SN −



(2)

SN is small enought, or if ∆aN ,

∆bN and ∆S all have the same sign, then the differential signal maximizes when
φ = φN −

π θN
−
.
2
2

(17)

Analysis of the gate shows that for short trajectories (which are the ones measured in our
experiment) the angle θ remains quite small. This yields around π/2 phase shift of the
12
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gated signal. This can be observed in the phase jump of the harmonic signal around the
destructive minimum in 0◦ alignment.
Indeed, for short trajectories the gate parameter aN increases with N and hence with the
electron travel time in the continuum tr − ti , whereas the modulation depth bN decreases
with N . Since for a deeper orbital the travel time is shorter for the same N , the parameter
aN is slightly larger for HOMO than for HOMO-2, while bN is slightly larger for HOMO-2.
Therefore, both ∆aN and ∆bN are positive. As long as the signal from channel 1 (HOMO
in the case of CO2 ) is larger than that from channel 2 (HOMO-2 for the CO2 molecule), the
differential signal maximizes when ∆GN (φ) has maximum, which corresponds to φ ∼ φN − π2 .
Near the cutoff, the signal from the deeper orbital often dominates, which means that the
optimal two-color delay would now correspond to the minimum of the differential gate:
φ = φN − π −

θN
2

, or φ = φN −

θN
.
2

(18)

Since in the cutoff φN becomes N -independent, θN  0, we see that the optimal delay either
makes the overall π-jump compared to the optimal delays before the destructive interference
of the two channels,
φ  φN − π,

(19)

or returns back to the original single-channel branch
φ = φN .

(20)

Due to the π-periodicity, the two branches are, of course, equivalent. Which of the two
looks to be a smoother continuation of the initial jump depends on fine details of the Ndependence of φN and θN . A small displacement beyond π/2 in Eq.(17) means that the
branch Eq.(19) might look like a more natural continuation.

VI.

QUANTUM DESCRIPTION OF HARMONIC EMISSION IN A TWO-COLOR

FIELD
A.

Two-color gating of harmonic emission and the effects of the core potential

Here we give a quantum description and show how the weak control (SH) field at the
frequency 2ω perturbs (gates) the harmonic signal, including the effect of the Coulomb
potential on the perturbation (gate).
1 2 | W W W. N A T U R E . C O M / N A T U R E
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Let us begin with the standard analysis which relies on the strong-field approximation
(SFA), where the induced dipole moment at the frequency Ω can be written as:
d(Ω) = −i



dt



dt







dpC(p, t, t )e−iS(p,t,t )−iIp (t−t )+iΩt .

(21)

Here t is associated with the moment of recombination, t with the moment of the bound-free
transition, p is the drift (canonical) momentum of the electron and the amplitude C(p, t, t )
includes the recombination amplitude at t, the propagation amplitude between t and t, and
the amplitude of the bound-free transition at t . The phase S(p, t, t )
S(p, t, t ) =

1  t 
2
dt [p + A(t )]
2 t

(22)

is the energy-related component of the classical action, with A the vector-potential of the
laser field. These equations can be viewed as the application of the Feynman path formalism
to the harmonic generation problem [5].
The so-called quantum orbits are the trajectories along which the phase of the multidimensional integral Eq.(21) is stationary. They are obtained by differentiating this phase
with respect to the integration variables p, t , and t, yielding correspondingly:
 t
t

[p + A(t )]dt = 0,

[p + A(t )]2
+ Ip = 0
2
[p + A(t)]2
+ Ip = Ω .
2

(23)

We will denote instants t and t which solve these equations as tr and t0 correspondingly.
Whereas the SFA provides excellent qualitative description of the harmonic emission, it is
generally not sufficient for quantitative analysis. The latter requires one to include the effect
of the core potential. The way to incorporate the corresponding corrections was proposed
in Ref.[6] and improved and thoroughly investigated in [7–9]. The corrections use Eqs. (23)
as a zero-order approximation.
To achieve quantitative accuracy, one has to first replace the plane-wave recombination
amplitude which enters C(p, t, t ) by the accurate recombination amplitude. This amplitude
is obtained using correct continuum states at the electron energy corresponding to the energy
of the emitted photon, i.e. to the kinetic momenta corresponding to the instantaneous kinetic
momentum p + A(t) at the moment of recombination t in Eqs.(23).
14
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Further, the core potential U (r) has to be included into the action. The correction can
be done in the eikonal approximation, which allows one to obtain a reliable description of
ionization[10] and of the interplay between the core potential and the laser field (the socalled Coulomb-laser coupling[11–14]) during the electron propagation after ionization. The
phase in Eq.(22) becomes [12, 15]
S(p, t, t ) =

 t
1  t 
2
dt [p + A(t )] +
dt U (r0 (t )).
2 t
t

(24)

The second integral is performed along the zero-order (SFA) trajectory, which starts near
the core at the moment t and returns to its original position at t:
r0 (t) =

 t
t

dt [p + A(t )] + rin

(25)

The starting position rin of the trajectory is uniquely defined from the asymptotic behavior


of the ionizing state, yielding rin = 1/ 2Ip [10]. For complex values of t = t0 = ti + iτ ,
which realize the stationary phase of the multi-dimensional integral Eq.(21), the integral
from t = t0 to the real time axis determines the tunnel ionization amplitude, and the
contribution of the core potential to the integral provides the required Coulomb correction
to the ionization rate [10]. The resulting amplitude yields excellent agreement with abinitio numerical simulations of strong-field ionization (see e.g. [16–18]) for a broad range of
frequencies and Keldysh parameters γ. Correction to the ionization amplitude included in
the so-called quantitative rescattering model [7] effectively incorporates the same procedure
by re-normalizing the results to the correct ionization rates.
Using the Coulomb-corrected expression Eq.(24), we are in a position to analyze how
the weak control SH field 2ω, polarized along the y axis, perturbs the phase of the integral
Eq.(21). First, it changes the kinetic energy term in Eq.(24) by adding A2ω (t) orthogonally
polarized to Aω (t) and the lateral momentum py . Second, the SH field introduces a lateral
displacement ∆r of the zero-order trajectory r0 into the integral from U (r). The phase
accumulated along the stationary trajectory becomes
  t
1  t  
 2
 2
dt U [r0 (t ) + ∆r(t )]. (26)
dt (px + Aω (t )) + (py + A2ω (t )) +
S(p, t, t ) =
2 t
t


Note that corrections to t = tr and t = t0 enter in higher orders thanks to the stationary
conditions Eqs.(23). Furthermore, the first-order correction in the expansion of the core
potential in ∆r(τ ) is equal to zero because the scalar product r0 (τ ) · ∆r(τ ) = 0. Thus, in
1 4 | W W W. N A T U R E . C O M / N A T U R E
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leading order with respect to A2ω the change in the action is:


1  tr 
Q [∆x(t )]2
∆S(py , tr , t0 ) =
dt [py + A2ω (t )]2 −
2 t0
|r0 (t )| r02 (t )



(27)

Here we have substituted the Coulomb potential U (r) = −Q/r and took into account that
∆r is parallel to the y axis, denoting ∆r = ∆y. Note that ∆y is linear in py and A2ω , and
hence the second term is quadratic in the weak field.
Let us now analyze the two terms in the integrand in Eq.(27). Note that t0 = ti + iτ is
complex. The integral is performed along the contour which first descends from the complex
t0 to the real time axis, and then continues to tr . The part of the integral between t0 and
the real time axis is related to ionization. The first term in the integrand in Eq.(27) corrects
the ionization amplitude due to the change in the external field. This correction remains in
the exponent. The correction to the ionization amplitude coming from the second term will
correspond to the modifications of the pre-exponential Coulomb correction to the SFA-based
ionization rate. It is therefore small compared to the exponential corrections.
which optimizes ionization will correspond
Moreover, the lateral drift momentum p(ion)
y
to the trajectory for which
∂
∆S(py , ti , t0 ) = 0.
∂py

(28)

This condition means zero lateral displacement of the tunnelling trajectory at the moment
when it emerges from the tunnelling barrier. As expected, tunnelling introduces exponential
penalty on the trajectories that deviate from the one that is as close to the straight line
as possible. Since for the optimal tunnelling trajectory ∆y is zero both at t0 and ti , we
safely neglect the corrections to the Coulomb correction along such trajectory in the further
analysis.
During the motion in the continuum after ionization, the second (Coulomb) term in the
integrand in Eq.(27) is clearly negligible compared to the first term. Indeed, if F2ω = Fω ,
the first term in the integrand scales as 2 Up , where Up = Fω2 /(4ω 2 ) is the ponderomotive
potential in the fundamental field. The second term scales as 2 /(16αω ). Thus, the ratio
of the second to the first term scales as [16Up αω ]−1 , where αω = Fω /ω 2  1 is the electron
oscillation amplitude in the strong fundamental field. Since 1/αω  Ip , the second term is
completely negligible in the tunnelling regime of γ < 1.
Thus, we can conclude that the leading term responsible for the modification of the
ionization and propagation amplitudes of the electron by the presence of the second color is
16
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given by the gate:


G(Ω, φ) = exp −i



1  tr 
dt [py + A2ω (t )]2 ,
2 t0

(29)

where t0 , tr depend on Ω via the link Ω(tr , t0 ) for the single-color case and in general include
the Coulomb corrections to the SFA expressions Eqs.(23). The dependence on the two-color
delay comes from the vector potential A2ω (t ). A detailed analysis of this gate G(Ω, φ) is
given in the next section.
The gate Eq.(29) does not yet include the effect of the SH field on the recombination.
Namely, the weak control field at the frequency 2ω breaks the symmetry between the two
subsequent laser half-cycles, lifting the exact destructive interference for the emission at even
harmonic frequencies. Let θ be the small deviation angle of the velocity of the returning
electron from x axis, i.e. from the polarization direction of the fundamental field. In atoms,
for odd harmonics, the interference of the two subsequent half-cycles leads to the reduction
of the harmonic amplitude proportional to cos θ, whereas for the even harmonics the same
interference yields the factor sin θ. Since the angle of return θ depends on the relative delay
φ between the two fields, the angle θ works as a velocity gate. For a weak control field, the
effect of the velocity gate is very significant for the even harmonics, which are simply absent
if θ = 0. For odd harmonics, the effect of cos θ is small compared to the exponential gate
Eq.(29), in part due to the finite range of alignment angles in the molecular ensemble – the
uncertainty in the alignment angle is significantly larger than θ. The same argument does
not, of course, apply to even harmonics as their appearance is solely due to θ = 0.
In the following we will use Eq.(29) to analyze the effect of the weak SH field on the
intensities of odd harmonics.

B.

Analysis of the two-color gate

This sub-section gives detailed analysis of the displacement and ionization gate for the
case of a single ionization channel correlated to a single state of the ion.
As shown in the previous section, the change in the harmonic emission amplitude introduced by the SH field is given by




1  tr 
dt [py + A2ω (t )]2 .
G(Ω, φ) = exp −i
2 t0
1 6 | W W W. N A T U R E . C O M / N A T U R E
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The instants t0 and tr are linked to the emission frequency Ω. They realize the stationary
phase points of the general quantum expression Eq.(21) in the absence of the 2ω field, and are
dictated by the electron motion only in the strong fundamental field and the core potential.
That is, they include the corrections to the times obtained within the SFA.
The drift momentum py that enters the above expression is determined by the stationary
phase condition with respect to py
 tr
∂ 1  tr 
 2
dt [py + A2ω (t )] =
dt [py + A2ω (t )] = 0,
∂py 2 t0
t0

(31)

which means that the electron trajectory has to return to the vicinity of the core, where the
recombination takes place.
The laser field is set as F (t) = Fω cos ωt ex + F2ω cos(2ωt + φ) ey . The vector potential
for the SH field is
A2ω (t) = −

F2ω
Fω
sin(2ωt + φ) = −
sin(2ωt + φ),
2ω
2ω

(32)

where  is the field ratio. Thus, the phase of the gate can be written as


1 Fω
Sy =
2 2ω

2  tr

dt [πy − sin(2ωt + φ)]2 ,

t0

(33)

where the dimensionless momentum is introduced,








F2ω
Fω
πy =
πy .
py =
2ω
2ω

(34)

It is also convenient to change from time variables to dimensionless phases, ωt0 = ϕ0 ,
ωtr = ϕr , ωt = ϕ, yielding
Sy =



1 Fω
2ω 2ω

σ(Ω, φ) =

ϕr

ϕ0

2

σ(Ω, φ)

dϕ[πy − sin(2ϕ + φ)]2 ,

(35)

and for the gate




1 Fω
G(Ω, φ) = exp −i
2ω 2ω

2



σ(Ω, φ) .

(36)

Our experiment measures the intensity modulation of the harmonic signal as a function of
the two-color delay φ. Had the phase σ(Ω, φ) been purely real, there would have been no
modulation within the quantum trajectory formalism. Within this formalism, the modulation arises because the stationary phase point ϕ0 is complex, ϕ0 = ϕi + iϕT . Its imaginary
18

W W W. N A T U R E . C O M / N A T U R E | 1 7

RESEARCH SUPPLEMENTARY INFORMATION

part reflects the tunnelling process and its real part ϕi determines the ionization time when
the electron is expected to exit the barrier, ϕi = ωti , iϕT = iωτT , with iτT referred to as
’tunnelling time’.
Here and below we assume that the recombination times and drift momenta px and py are
real, i.e. we describe harmonics via electrons moving in the real continuum. This assumption
is adequate unless the emitted harmonic frequencies are too close to the ionization threshold.
For our experimental parameters, the corrections associated with a small imaginary part in
tr are negligible for helium for harmonics above 25.
Due to the presence of the imaginary component iϕT the phase σ also acquires the
imaginary component Imσ, which is given by the integral from ϕ0 to the real axis:
Imσ(Ω, φ) = Im
= −Re

 ϕi



ϕi +iϕT
ϕT

dϕ[πy − sin(2ϕ + ϕ)]2 =

dϕ[πy − sin(2ϕi + 2iϕ + φ)]2

0

(37)

This component introduces an amplitude modulation of the harmonic signal. Up to the
phase accumulated between ti and tr (which is the same for adjacent half-cycles and is
therefore insignificant for the many-cycle pulses we use) the gate is




1 Fω
G(Ω, φ) = exp −
2ω 2ω

2

Re

 ϕT
0

2

dϕ[πy − sin(2ϕi + 2iϕ + φ)]



.

(38)

The integral in Eq.(38) is quadratic in πy . Thus, we can re-write it exactly as follows:
Re

 ϕT
0

dϕ[πy − sin(2ϕi + 2iϕ + φ)]2 = (πy − πy(T ) )2 ϕT + Re

 ϕT
0

2
dϕ[πy(T ) − sin(2ϕi + 2iϕ + φ)](39)
,

where the optimal tunnelling momentum πy(T ) is defined by the equation
 ϕT
∂
dϕ[πy − sin(2ϕi + 2iϕ + φ)]2 = 0.
Re
∂πy
0

(40)

This equation is simply the requirement that the real part of lateral electron displacement
during tunnelling is equal to zero,
Re

 ϕT
0

dϕ[πy − sin(2ϕi + 2iϕ + φ)] = 0,

(41)

which yields optimal lateral momentum for tunnelling
πy(T ) (φ) =

1 8 | W W W. N A T U R E . C O M / N A T U R E
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sin(2ϕi + φ).
2ϕT
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Calculating the required integral, we obtain the expression for the modulation of the harmonic amplitudes:





ϕT Fω
G(Ω, φ) = exp −
2ω 2ω

2 

(πy −

πy(T ) (φ))2

+

g1 (ϕT )[πy(T ) (φ)]2





− g2 (ϕT )

(43)

The modulation of the harmonic intensity is given by square of this expression, G2 (Ω, φ).
The functions g1 (ϕT ) and g2 (ϕT ) are
ϕT sinh 4ϕT
−1
sinh2 2ϕT
sinh 4ϕT
−1
g2 (ϕT ) =
4ϕT

g1 (ϕT ) =

(44)

We can now analyze the physics encoded into the expression for the gate. First of all,
we note that the third (last) term in the exponent is independent of the two-color delay
φ and therefore does not contribute to the amplitude modulation. It reflects the average
enhancement of the ionization rate due to the presence of the second field. The φ-dependent
modulation is introduced by the first and the second terms in the exponent.
The second term reflects the extra cost associated with the deviation of the optimal
tunnelling trajectory from the straight line. This deviation is induced by the control field.
The cost is minimal if the lateral momentum πy(T ) (φ) is minimized. Together with the third
term, they form the ionization gate




ϕT Fω
Gion (Ω, φ) = exp −
2ω 2ω

2 





g1 (ϕT )[πy(T ) (φ)]2 − g2 (ϕT )

.

(45)

The first term in the exponent in Eq.(43) characterizes the tunnelling-imposed relative
cost of populating the trajectory with the lateral drift momentum πy . Recall that πy is
the drift momentum that ensures the return of the trajectory to the core at the correct
recombination time tr . That is, it ensures zero lateral displacement between ϕ0 = ϕi + iϕT
and ϕr . The amplitude of populating this trajectory is the displacement gate:




ϕT Fω
Gy (Ω, φ) = exp −
2ω 2ω

2 

(πy −

πy(T ) (φ))2





(46)

It is maximized if πy = πy(T ) , i.e. if the same drift momentum also optimizes tunnelling (zero
displacement inside the barrier region).
If we restrict the lateral drift momenta and lateral displacements to real values, then πy
is
πy =

1
[cosh(2ϕT ) cos(2ϕi + φ) − cos(2ϕr + φ)] ,
2(ϕr − ϕi )
20
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and the condition πy = πy(T ) reads
1
sinh(2ϕT )
sin(2ϕi + φ).
[cosh(2ϕT ) cos(2ϕi + φ) − cos(2ϕr + φ)] =
2(ϕr − ϕi )
2ϕT

(48)

In the tunnelling limit of small ϕT this condition becomes
1
[cos(2ϕi + φ) − cos(2ϕr + φ)] = sin(2ϕi + φ).
2(ϕr − ϕi )

(49)

The exact same condition is obtained by assuming that the control field only acts on the
electron after it exits the barrier at ϕi , and that the electron exits the barrier with zero
instantaneous lateral velocity.
Thus, in the tunnelling limit the control field indeed probes the trajectory after it leaves
the barrier, and the optimal two-color delay φ given by the quantum displacement gate
Gy (Ω, φ) is the same as that obtained from the simple classical picture. Importantly, the
coefficient g1 (ϕT ) is small in the tunnelling regime of γ  1, which also ensures that the
ionization gate plays a minor role in this regime.
For the actual parameters of our experiment in helium, both classical and quantum
reconstruction procedures give very close results, as shown in the paper. Figure 2 (SI)
shows the calculated gated signal for helium atoms according to the full quantum mechanical
derivation (left panel) and the classical derivation (right panel). As can be seen in the figure,
the modifications due to the quantum effects are small.
In order to use the quantum expression for the reconstruction, we first use the semiclassical gate Eq. (49) to obtain the recollision times tr . We then insert these times into
the quantum gate (Eq. 48) together with the experimental phases φymax and obtain the
ionization times ti . The imaginary part of the ionization times ϕτ are obtained from the
imaginary part of the second of Eqs. (23). We confirmed that the corresponding quantum
corrections are small (see Fig. 3c in the article).
In the regime of non-adiabatic tunneling γ ∼ 1 the quantum features in the displacement gate (the terms depending on ϕT ) and the modifications to the ionization amplitude
described by Gion (Ω, φ) Eq.(45) must, of course, be included. However, these changes are
relatively slow and smooth due to the behavior of g1 (ϕT ), which is close to unity for ϕT  1.
The optimal two-color delay remains essentially the same for both the quantum and the
semi-classical gates in the case of the CO2 molecule and 800 nm radiation with intensity
I = 1.3 × 1014 W/cm2 .
2 0 | W W W. N A T U R E . C O M / N A T U R E

21

SUPPLEMENTARY INFORMATION RESEARCH

VII.

QUANTUM ORBITS AND THE ROLE OF THE MEASUREMENT IN

STRONG FIELD DYNAMICS

Here we compare the similarities and differences between the electron trajectories responsible for high harmonic generation and those associated with strong-field ionization. At first
glance, one might think the trajectories describing the motion of the continuum electron are
the same as those responsible for high harmonic emission. However, as often the case in
quantum mechanics, the specific measurement (observable) has fundamental impact on the
characteristics of the relevant trajectories.
In strong-field ionization, when the detached electron is detected, the observable is the
electron drift momentum p after the end of the laser pulse. Obviously, p must be a realvalued quantity. In high harmonic generation, the observable is the emitted light, with realvalued frequency (photon energy). Other characteristics of the relevant electron trajectories,
including their momenta, do not in principle have to be real-valued if they are not measured.
Consider a linearly polarized laser field. The quantum orbits relevant for high harmonic
generation are the solutions (p = p0 , t = tr , t = t0 ) of the following equations:
 tr
t0

[p0 + A(t )]dt = 0,

(50)

[p0 + A(t0 )]2
+ Ip = 0
2
[p0 + A(tr )]2
+ Ip = Ω .
2

(51)
(52)

with the perpendicular component of p equal to zero, p⊥ = 0. These equations ensure that
the phase Σ(p, t, t )
Σ(p, t, t ) =

1  t 
2
dt [p + A(τ  )] + Ip (t − t ) − Ωt = S(p, t, t ) + Ip (t − t ) − Ωt
2 t

(53)

that enters the Feynman path integral describing the HHG process [5] is stationary.
Eqs.(50,51,52) describe the trajectories which, together with the stationary phase region
around them, are responsible for the measured harmonic signal. To simplify the notations
and the analysis, we will now drop the perpendicular component of p, which is equal to
zero.
In Eqs.(50,51,52), the observable is the energy Ω of the emitted photon, and the solutions
must ensure that Ω is real-valued. Obviously, real-valued p0 and tr in the equation [p0 +
22
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A(tr )]2 /2 + Ip = Ω would fit that last requirement. However, real-valued p0 and tr may not
satisfy Eqs.(50,51).
Let t0 = ti + iτT be the complex-valued moment of ionization. Consider Eq.(50), which
describes the electron displacement between t0 and tr . Integration from t0 to the real time
axis ti yields, in general, non-zero imaginary component of the displacement, which we will
denote ∆i . If p0 and tr are both real-valued, the remaining integral from ti to tr would also
be real-valued, unable to compensate the imaginary displacement ∆i . This is the reason
why the quantum orbits have imaginary components both in p0 and tr . Note that if p0 were
real, Eq.(52) would force tr to be real.
Thus, the measurement (observable) leads to differences for the electron trajectories that
determine the strong-field dynamics in case of ionization (real observable p) and HHG (real
observable Ω). Given these differences, can the information extracted from HHG measurements can be used to understand the dynamics of tunnelling? The answer is ’yes’, provided
certain conditions are met. What are these conditions?
Mathematically the application of the saddle point method to the Feynman path integrals
describing HHG [5] relies on expanding Σ(p, t, t ) up to the second order around the stationary trajectories given by Eqs.(50,51,52). However, Σ(p, t, t ) is purely quadratic function of
p and hence can be expanded to the second order in p around any other p = p1 .
Let us now select this p1 to be real-valued, and require that it compensates only for the
real part of the electron displacement between t0 and tr ,
Re

 tr
t0

[p1 + A(t )]dt = 0,

(54)

Writing p0 = p1 + ∆p and using Eq.(50) for p0 , the phase Σ can be re-written as
1 ∆2i
1
.
Σ(p0 , tr , t0 ) = Σ(p1 , tr , t0 ) − [∆p]2 (tr − t0 ) = Σ(p1 , tr , t0 ) −
2
2 tr − t0

(55)

Thus, at first glance it looks that one can use real-valued momentum p1 , appropriate for
the ionization, as long as one includes the extra term in the phase Σ, which effectively
means correction to the electron energy upon return to the nucleus when compared to the
time derivative of Σ(p1 , tr , t0 ). In other words, one can use the ’photo-electron trajectories’,
characterized by real-valued momentum p1 , to analyze the trajectories responsible for high
harmonic emission, and vice versa – the measurements of high harmonics can be used to
analyze the dynamics of ionization.
2 2 | W W W. N A T U R E . C O M / N A T U R E
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The important caveat is the change in times t0 and tr associated with replacing complexvalued p0 with real-valued p1 . As explained above, if we replace Eq.(50) with Eq.(54) and
keep Eq.(51) and Eq.(52) unchanged, p becomes real-valued and thus tr is also real-valued
due to Eq.(52). The moment of recombination shifts to the real time axis. Thus, the analysis
of high harmonic emission in terms of electron trajectories associated with real ionization, i.e.
real-valued p, is only possible if the imaginary part of tr is sufficiently small. Mathematically,
Imtr should be within the width of the saddle-point region. Similar condition applies to
changes in t0 . These requirements are indeed met for all but the shortest trajectories, for
our experimental conditions of 800 nm laser wavelength corresponding to the phases of return
ωtr ≤ (0.3−0.35)×2π. The accuracy of the approach can be easily gauged by comparing the
phases calculated in both approaches (with the term ∆2i /(tr − t0 ) included). Alternatively,

one can compare the time-derivatives of the phases, which is the crucial component for the
harmonic emission. This comparison shows that for our experimental conditions the analysis
of the harmonic emission in terms of photo-electrons is valid for CO2 for harmonics above
H15-17 at intensities I  1014 W/cm2 , and for helium for harmonics above H25.
VIII.

DEFINITIONS OF IONIZATION TIMES IN STRONG FIELD TUNNELING

Mathematically, the classical three-step model of high harmonic generation [19] obtains
from Eqs.(50,51,52) by setting Ip = 0 in Eq.(51). In this case the moments of ionization and
recombination, as well as the drift momentum are purely real, and the electron is ’born in
the continuum’ at the origin. Clearly, setting Ip = 0 in Eq.(51) is an approximation valid
only if the energy Up of electron oscillations in the continuum is very large, γ 2 = Ip /2Up  1.
Therefore, one might be tempted to conclude that it is by no means surprising when the
experimental measurements performed in the regime of γ 2 ≈ 0.6, as in our experiment, find
differences from this simple picture.
However, the situation is not nearly as simple. There is absolutely no need to use the
approximation Ip = 0 in Eq.(51), yet the moment of ionization can still be naturally associated with the moment when the electron velocity is equal to zero. Indeed, the standard
model of strong field ionization extends the picture of tunnelling in static electric fields to
the case of slowly oscillating laser fields. As the electron tunnels through slowly oscillating
barrier, its velocity at the turning point of the semi-classical trajectory – the exit from the
24
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classically forbidden region – is expected to be equal to zero.
There is a crucial difference between this perspective and the simple classical model. In
the latter, the electron appears in the continuum not only with zero velocity, but also at the
origin. In contrast, in the semi-classical picture the electron emerges from the classically
forbidden region offset from the origin, at the turning point of its semi-classical trajectory.
The non-zero displacement of the electron at the moment of ionization leads to well known
consequences – the increase in the cut-off energy of the harmonic emission [20]. The simple
classical model yields Ωcutoff = Ip + 3.17Up while the quantum treatment [20] yields Ωcutoff 
1.32Ip +3.17Up , with the additional energy of 0.32Ip gained by the electron due to this initial
displacement, which the electron must now traverse before recombination.
The nearly zero electron velocity at the moment of ionization was explicitly pointed
out by Keldysh [21], who introduced the distinction between the tunnelling and multiphoton regimes of strong-field ionization using the exact analogue of the Buttiker-Landauer
tunnelling time [22]. Importantly, Ref.[21] stressed that the electron velocity upon ionization
is small both in tunnelling and multi-photon regimes. One arrives at the same conclusion
about the ionization times by applying the streak-camera principle to the case of strong-field
ionization, where it reads p = −A(ti ).
Thus, the definition of the ionization time as the moment when the instantaneous electron
velocity is equal to zero is not equivalent to setting Ip = 0 in Eq.(51). Nevertheless, both
in the classical and semi-classical pictures, the ionization times are spread over essentially
the same window up to 0.25 laser cycle after each crest of the oscillating field. On the other
hand, the times ti defined as ti = Re(t0 ) are confined to much more narrow window. Our
experimental results are unambiguously consistent with this latter definition.
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